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CONSTRUCTION OF ARAKELOV-MODULAR LATTICES OVER TOTALLY
DEFINITE QUATERNION ALGEBRAS
XIAOLU HOU
ABSTRACT. We study ideal lattices constructed from totally definite quaternion
algebras over totally real number fields, and generalize the definition of Arakelov-
modular lattices over number fields proposed in [2]. In particular, we prove for the
case where the totally real number field isQ, that for ℓ a prime integer, there always
exists a totally definite quaternion overQ fromwhich an Arakelov-modular lattice
of level ℓ can be constructed.
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1. INTRODUCTION
A lattice is a pair (L, b), where L is a free Z−module of finite rank and b is
a positive definite symmetric Z−bilinear form on L ⊗Z R. If L has rank n and
{v1, v2, . . . , vn} is a Z−basis for L, then the matrix G := (b(vi, vj))1≤i,j≤n is the
Gram matrix of (L, b). The determinant of the Gram matrix of (L, b) is called the
discriminant of L. The dual lattice of (L, b) is the pair (L∗, b), where
L∗ = {x ∈ L⊗Z R : b(x, y) ∈ Z ∀y ∈ L}.
An integral lattice is a lattice (L, b) such that L ⊆ L∗. An integral lattice is called
even if b(x, x) ∈ 2Z for all x ∈ Z and odd otherwise [7, 5].
For ℓ a positive integer, an ℓ−modular lattice [13] is an integral lattice such that
there exists a bijective Z−module homomorphism ϕ : L∗ → L and
ℓb(x, y) = b(ϕ(x), ϕ(y)) ∀x, y ∈ L∗.
When ℓ = 1we have a unimodular lattice.
A common way of constructing ℓ−modular lattices is by using ideals of num-
ber fields [8, 1, 2] the resulting lattices are then called ideal lattices [3]. In [8], a
construction of unimodular lattices by ideal lattices over Q(
√−3) is given. A
more general construction over cyclotomic extension of imaginary quadratic fields
can be found in [1]. The notion of Arakelov-modular lattice, which gives mod-
ular lattice, was introduced in [2], where the authors classified the construction
of Arakelov-modular lattices over cyclotomic fields. This paper generalizes this
notion to construct Arakelov-modular lattices over the ideals of totally definite
quaternion algebras over totally real number fields.
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The construction by ideals of quaternions was also used in [11] for two particu-
lar cases,
(
−1,−1
Q
)
and
(
−1,−3
Q
)
, for constructing 2 and 3 modular lattices respec-
tively. This is a special case of our construction (see Example 5.7).
We will discuss in details the definition of the bilinear form we use in Section
2 and introduce the definition of ideal lattices over totally definite quaternions in
Section 3. In Section 4 the generalized notion of Arakelov-modular lattice is intro-
duced. In Section 5, we will focus on the case where the underlying number field
is the rational field, for which we obtain existence results and classify Arakelov-
modular lattices for ℓ a prime. In particular, we will prove that, given any prime ℓ,
there exists a totally definite quaternion algebra over Q over which an Arakelov-
modular lattice of level ℓ can be constructed (Theorem 5.5).
2. TOTALLY DEFINITE QUATERNION ALGEBRAS
LetK be a totally real number field with degree n = [K : Q]. LetA =
(
a,b
K
)
be a
quaternion algebra overK with standard basis {1, i, j, ij}, i.e.,A is a 4-dimensional
vector space over K with basis {1, i, j, ij} such that
i2 = a, j2 = b, ij = −ji,
for some a, b ∈ K×.
The quaternion algebra A is equipped with a canonical involution (or conjuga-
tion) given by
− : A → A(1)
α = x0 + x1i+ x2j + x3ij 7→ α¯ = x0 − x1i− x2j − x3ij,
from which are defined the reduced trace on A:
trA/K : A → K
α 7→ α+ α¯,
and similarly the reduced norm:
nA/K : A → K
α 7→ αα¯.
For α = x0 + x1i+ x2j + x3ij ∈ A
trA/K(α) = α+ α¯ = 2x0(2)
nA/K (α) = αα¯ = x
2
0 − ax21 − bx22 + abx23.
Denote the real embeddings ofK by σ1, . . . , σn. LetKv denote the completion of
K at the Archimedean place corresponding to a real embedding σ ∈ {σ1, . . . , σn},
then either Av = A ⊗K Kv ∼= H =
(
−1,−1
R
)
, in which case A is ramified, or Av
is isomorphic to the ring M2(R) of 2 × 2 real coefficients [10, p.93]. Then A is
unramified.
Let s1 be the number of real places at which A is ramified. Then for a number
field of signature (r1, r2), that is with r1 real embeddings and r2 pairs of complex
embeddings, we have the following isomorphism φ:
(3) AR := A⊗Q R ∼= ⊕s1H⊕ (r1 − s1)M2(R)⊕ r2M2(C)
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so that in particular, for K totally real
AR = A⊗Q R ∼= ⊕s1H⊕ (n− s1)M2(R).
Wewill often identify an elementα = α⊗h ∈ AR with its image φ(α) = (α1, . . . , αn),
where αm = hσm(α), and σm is understood componentwise on the coefficients
x0, x1, x2, x3 of α, written in a suitable basis.
The conjugation (1) on A can be extended to AR by defining the conjugation of
α = α⊗ h, h ∈ R×, to be that of φ(α⊗ h), and the conjugation of φ(α⊗ h) to be in
turn φ(α ⊗ h) = φ(α¯ ⊗ h). We have φ(α⊗ h) = φ(α ⊗ h) ⇐⇒ α¯ = α. Define thus
the set
P = {α : α ∈ AR,α = α¯} = {α⊗ h : α ∈ K×},
which belongs to the center of AR.
Take α ∈ P , and define
qα : AR ×AR → R(4)
(x,y) 7→ tr (αxy¯)
where tr denote the reduced trace on the separable R−algebra AR, given by
tr (x) =
s1∑
m=1
trH/R (xm) +
r1∑
m=s1+1
trM2(R)/R (xm) +
r1+r2∑
m=r1+1
trM2(C)/R (xm)
for x = (x1, . . . , xn) ∈ AR and with
trM2(C)/R (xm) = trM2(C)/C (xm) + trM2(C)/C (xm).
Lemma 2.1. For α ∈ P , qα is a non-degenerate symmetric Z−bilinear form, and
qα(ux,y) = qα(x, u¯y)
for all x,y,u ∈ AR.
Proof. Since tr is the reduced trace for the R−separable algebra AR, it is a non-
degenerate Z−bilinear form. Now since α is in the center of AR,
trH/R (αmxmy¯m) = αmxmy¯m + ymx¯mαm = trH/R (αmymx¯m)
form = 1, . . . , s1. Thus
qα(x,y) = tr (αxy¯)
=
s1∑
m=1
trH/R (αmxmy¯m) +
r1∑
m=s1+1
trM2(R)/R (αmxmy¯m)
+
r1+r2∑
m=r1+1
trM2(C)/R (αmxmy¯m)
= qα(y,x)
using a similar argument on trM2(R)/R (αmxmy¯m) for m = s1 + 1, . . . , r1 and on
trM2(C)/C (αmxmy¯m) form = r1 + 1, . . . , r1 + r2. This proves that qα is symmetric.
Now take any x,y,u ∈ AR, and consider qα(ux,y) = tr (αuxy¯). For m =
1, 2, . . . , s1, using again that α is in the center of AR,
trH/R (αmumxmy¯m) = trH/R (umαmxmy¯m) = trH/R (αmxmy¯mum)
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and using a similar argument for trM2(R)/R (αmxmy¯m),m = s1 + 1, . . . , r1, and for
trM2(C)/C (αmxmy¯m),m = r1 + 1, . . . , r1 + r2, we conclude that
qα(ux,y) = qα(x, u¯y).

WhenK is a totally real number field, andA is a quaternion algebra ramified at
all the real places, i.e., s1 = r1 = n, we say that A is totally definite [14, 34.1]. For
this case, define
P>0 = {α : α ∈ P , αm > 0 ∀m}.
Proposition 2.2. Let K be a totally real number field, A a totally definite quater-
nion algebra over K , and take α ∈ P>0, then
qα : AR → AR
(x,y) 7→ tr (αxy¯)
is a positive definite symmetric Z−bilinear form.
Proof. We are left to prove that qα is positive definite. For any x ∈ AR,
tr (αxx¯) =
n∑
m=1
trH/R (αmxmx¯m) ,
where
trH/R (αmxmx¯m) = αmtrH/R
(
nH/R (xm)
)
= 2αmnH/R (xm) ≥ 0
since A is totally definite and α ∈ P>0. 
The reduced trace of x ∈ AR for a totally definite quaternion algebra A
tr (x) =
n∑
m=1
trH/R (xm) =
n∑
m=1
(xm + x¯m)
is alternatively simplified, for all x ∈ A, to
(5) tr (x⊗ 1) =
n∑
m=1
(σm(x) + σm(x)) = TrK/Q
(
trA/K (x)
)
.
Similarly, the reduced norm of x ∈ AR [14, p.121 9.23] is
(6) n (x) =
n∏
m=1
nH/R (xm) =
n∏
m=1
(xmx¯m),
and for any x ∈ A [14, p.122 Theorem 9.27 and p.121 (9.23)],
(7) n (x⊗ 1) = nA/Q (x) = NK/Q
(
nA/K (x)
)
.
We will write tr (x), n (x) instead of tr (x⊗ 1), n (x⊗ 1) respectively whenever
there is no confusion.
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3. IDEAL LATTICES IN TOTALLY DEFINITE QUATERNION ALGEBRAS
As before,K is a totally real number field of degree n, andA =
(
a,b
K
)
is a totally
definite quaternion algebra over K with standard basis {1, i, j, ij}. Let OK be the
ring of integers ofK .
LetΛ be an order ofA, that is, an ideal ofA (i.e., a finitely generatedOK−module
contained in A such that I ⊗OK K ∼= A) which is also a subring of A. We further-
more assume that Λ is maximal (that is, not properly contained in another order).
For a maximal orderΛ ofA, we define the following three sets of ideals ofA [10,
Section 6.7]
(8) L(Λ) = {I : Oℓ(I) = Λ}, R(Λ) = {I : Or(I) = Λ}, LR(Λ) = L(Λ) ∩R(Λ),
where
Oℓ(I) = {α ∈ A : αI ⊂ I}, Or(I) = {α ∈ A : Iα ⊂ I}
are respectively the order on the left of I and the order on the right of I [10, p.84].
Recall the definition of the codifferent of Λ over OK or Z [14, p.217], or of OK
over Z [12, p.159], given respectively by
D−1Λ/OK = {x ∈ A : trA/K (xy) ∈ OK ∀y ∈ Λ} ∈ LR(Λ)(9)
D−1Λ/Z = {x ∈ A : TrK/Q
(
trA/K (xy)
) ∈ Z ∀y ∈ Λ}(10)
D−1OK/Z = {x ∈ K : TrK/Q (xy) ∈ Z ∀y ∈ OK}.(11)
To each corresponds an inverse ideal called different, respectively denoted by
DΛ/OK ∈ LR(Λ), DΛ/Z and DOK/Z.
Definition 3.1. An ideal I ⊂ A is called a generalized two-sided ideal of a maximal
order Λ if there exist t ∈ A× and J ∈ LR(Λ) such that I = Jt = {yt : y ∈ J}.
Definition 3.2. For I = Jt a generalized two-sided ideal of Λ, its reduced norm n (I)
in AR is by definition
n (I) = NK/Q
(
nA/K (J)
)
n (t) ,
where nA/K (J) is the fractional ideal generated by the elements {nA/K (x) : x ∈
J} [10, p.199].
Consider the following symmetric positive definite Z−bilinear form:
qα : AR ×AR → R
(x, y) 7→ tr ((α⊗ 1)xy¯) ,(12)
where α ∈ K× is totally positive and for simplicity, we write x, y instead of x,y if
there is no confusion. This is a particular case of the previous section, where we
restrict to the case when α = α⊗ 1 for α ∈ K×. Note that α⊗ 1 ∈ P>0 if and only
if α is totally positive, i.e., σi(α) > 0 for all σi : K →֒ R.
Definition 3.3. An ideal lattice over a maximal order Λ is a pair (I, qα), where I =
Jt is a generalized two-sided ideal of Λ.
Take an ideal lattice (I, qα) over a maximal order Λ of A, where I = Jt for
some t ∈ A× and J ∈ LR(Λ) is such that it admits a freeOK−basis {v1, v2, v3, v4}.
Let {β1, . . . , βn} be a Z−basis for OK . Thus {βivj}1≤i≤n
1≤j≤4
is a Z−basis for Λ and
{βivjt}1≤i≤n
1≤j≤4
is a Z−basis for I .
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A Grammatrix of (I, qα) is given by
G = (qα(βkvit, βmvjt))1≤k,m≤n
1≤i,j≤4
.
For fixed i, j, (qα(βkvit, βmvjt))1≤k,m≤n is an n × n matrix whose coefficients are
given by
qα(βkvit, βmvjt) = tr
(
αβkvit(βmvjt)
)
= tr
(
αβkvitt¯βmvj
)
,
where α (identified with α⊗ 1), βk, βm, tt¯ = nA/K (t) ∈ K×, so that, together with
Eq. (5), we have
qα(βkvit, βmvjt) = tr
(
αnA/K (t)βkβmviv¯j
)
= TrK/Q
(
trA/K
(
αnA/K (t)βkβmviv¯j
))
=
n∑
ℓ=1
σℓ
(
αnA/K (t)βkβmtrA/K (viv¯j)
)
=
n∑
ℓ=1
σℓ(αnA/K (t))σℓ(βkβm)σℓ(trA/K (viv¯j)).
Let B = (σℓ(βk)), then for fixed i, j, (qα(βkvit, βmvjt))1≤k,m≤n = BHijB
⊤, where
Hij =


σ1(αnA/K (n) trA/K (viv¯j)) . . . 0
...
. . .
...
0 . . . σn(αnA/K (n) trA/K (viv¯j))

 .
Hence
(13) G =


B 0 0 0
0 B 0 0
0 0 B 0
0 0 0 B




H11 H12 H13 H14
H21 H22 H23 H24
H31 H32 H33 H34
H41 H42 H43 H44




B⊤ 0 0 0
0 B⊤ 0 0
0 0 B⊤ 0
0 0 0 B⊤

 .
Proposition 3.4. An ideal lattice (I, qα) over a maximal order Λ of A, such that I
has a Z-basis, has dimension 4n, Gram matrix (13) and discriminant
n (α)
2
n (I)
4
n
(DΛ/Z)2 ,
where n (α) = NK/Q
(
nA/K (α)
)
is the reduced norm of α in AR/R, and n (I) is the
reduced norm of I in AR/R (see 3.2) and DΛ/Z is the different of Λ over Z.
Proof. We are left to compute the discriminant of (I, qα), which is the determinant
of G:
det (G) = (det
(
BB⊤
)
)4det (H) = det (B)
8
det (H) ,
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whereH = (Hij). After row and column permutations of H , we get
det (H) =
n∏
ℓ=1
det
(
σℓ(αnA/K (t) trA/K (viv¯j))i,j
)
=
n∏
ℓ=1
σℓ(det
(
(αnA/K (t) trA/K (viv¯j))i,j
)
)
=
n∏
ℓ=1
σℓ((αnA/K (t))
4)σℓ(det
(
(trA/K (viv¯j))i,j
)
)
= (NK/Q
(
αnA/K (t)
)
)4NK/Q
(
(det
(
(trA/K (viv¯j))i,j
))
,
while
det (B)
2
= det ((σi(βj)))
2
= ∆K
where∆K is the discriminant of K by definition. Thus
det(G) = ∆4Kn (α)
2 n (t)4NK/Q
(
(det
(
(trA/K (viv¯j))i,j
))
.
If J = Λ, that is I = Λt, then
det(G) = ∆4Kn (α)
2
n (t)
4
NK/Q (disc (Λ/OK)) .
Indeed, since {v1, v2, v3, v4} is a freeOK−basis forΛ, the discriminant disc (Λ/OK)
is the principal ideal [10, p.205]
(14) det
(
(trA/K (vivj))i,j
)OK ,
and
det
(
(trA/K (viv¯j))i,j
)OK = det ((trA/K (vivj))i,j)OK
by noting that det
(
(trA/K (viv¯j))i,j
)
= det
(
(trA/K (vivj))i,j
)
det ((akj)k,j) for (akj)k,j ∈
M4(OK) an invertible matrix such that v¯j =
∑4
k=1 akjvk. Then
NK/Q (disc (Λ/OK)) = |NK/Q
(
det
(
(trA/K (viv¯j))i,j
)) |.
Note that the determinant of a positive definite matrix is always positive.
If I = Jt, J 6= Λ, take x ∈ OK such that Jx ⊆ Λ, then Jt ⊆ Λx−1t and the
discriminant of (I, qα) is given by (see [7, p.2])
disc ((I, qα)) = disc
(
(Λx−1t, qα)
) |Λx−1t/Jt|2
= ∆4Kn (α)
2
n
(
x−1t
)4
NK/Q (disc (Λ/OK)) |Λx−1/J |2
where n
(
x−1t
)4
= n (t)
4
NK/Q (x)
−8
and
|Λx−1/J | = |Λ/Jx| = NK/Q
(
NA/K (Jx)
)
= NK/Q (x)
4
NK/Q
(
nA/K (J)
)2
.
Thus
disc ((I, qα)) = ∆
4
Kn (α)
2 n (t)4NK/Q (disc (Λ/OK))NK/Q
(
nA/K (J)
)4
= ∆4Kn (α)
2 n (I)4NK/Q (disc (Λ/OK))
and we are left to show that
∆4KNK/Q (disc (Λ/OK)) = n
(DΛ/Z)2 .
But [14, p.221]
NK/Q (disc (Λ/OK)) = NK/Q
(
nA/K
(DΛ/OK ))2 = n (DΛ/OK)2 = n
(DΛ/Z)2
n (DOK/Z)2
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since DΛ/Z = DΛ/OKDOK/Z. That [12, p.201]
NK/Q
(DOK/Z) = ∆K
completes the proof. 
Let (I∗, qα) be the dual lattice of (I, qα), that is
I∗ = {x ∈ I ⊗Z R : qα(x, y) ∈ Z ∀y ∈ I}.
Proposition 3.5. The dual of (I, qα) is given by (I
∗, qα), where
I∗ = α−1D−1OK/ZD−1Λ/OK I¯−1 = α−1D−1Λ/ZI¯−1.
Proof. Since {x : x ∈ A, tr (xy) ∈ Z ∀y ∈ J¯} = DΛ/ZJ¯−1 [14, p.217],
I∗ = {x : x ∈ I ⊗Z R, qα(x, y) ∈ Z, ∀y ∈ I}
= {x : tr (αxy¯) ∈ Z ∀y ∈ Jt} = {x : tr (αxy) ∈ Z ∀y ∈ t¯J¯}
= α−1D−1Λ/ZJ¯−1 t¯−1 = α−1D−1Λ/ZI¯−1.
Also since D−1Λ/ZJ¯−1 ∈ LR(Λ) [14, p.217],
(15) I∗ = D−1Λ/ZJ¯−1α−1t¯−1
is a generalized two-sided ideal of Λ and (I∗, qα) is indeed an ideal lattice over
Λ. 
4. ARAKELOV-MODULAR LATTICES IN TOTALLY DEFINITE QUATERNION
ALGEBRAS
We keep the notations from previous sections. Let K be a totally real number
field with degree n, ring of integers OK , and embeddings {σ1, . . . , σn}. Let A =(
a,b
K
)
be a totally definite quaternion algebra overK , and let Λ be a maximal order
in A.
Take α ∈ K× and let qα be the positive definite Z−bilinear form in Eq. (12). Let
I = Jt be a generalized two-sided ideal in Λwith J ∈ LR(Λ), t ∈ A×. Then (I, qα)
will denote an ideal lattice over Λ.
We first note that J ∈ LR(Λ) satisfies J = J¯ . Indeed, it is known [14, p.273] that
the nonzero prime ideals p of OK and the prime ideals P of Λ are in one-to-one
correspondence given by
p = OK ∩P, P|pΛ.
For a prime ideal P of Λ, let then p = P ∩ OK . As for any x ∈ P ∩ OK , x = x¯, we
have
P¯ ∩ OK = P ∩ OK = p,
and it follows that P¯ = P. But since LR(Λ) = {I : I an ideal in A,Oℓ(I) =
Or(I) = Λ} forms an abelian group generated by the prime ideals of Λ, P¯ = P in
turn implies J¯ = J .
Let ℓ denote a positive integer. Let N (Λ) be the normalizer of Λ [10, p.199]:
N (Λ) = {x ∈ A× : xΛx−1 = Λ},
which is a group with respect to multiplication. For any x ∈ N (Λ), xΛ = Λx ∈
LR(Λ) [14, p.349].
We generalize the notion of Arakelov-modular lattice proposed in [2] for num-
ber fields to totally definite quaternion algebras.
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Definition 4.1. We call an ideal lattice (I, qα) Arakelov-modular of level ℓ if there
exists β ∈ N (Λ) ∩ Λ, t ∈ A× such that
I = I∗β′, ℓ = nA/K (β) = ββ¯,
where β′ = t¯βt¯−1 and I = Jt for some J ∈ LR(Λ).
Remark 4.2. (1) We have
β′β¯′ = t¯βt¯−1t−1β¯t = nA/K (t)
−1
ββ¯nA/K (t) = ββ¯ = ℓ,
thus ℓ = nA/K (β
′) = β′β¯′.
(2) An ideal lattice that is Arakelov-modular of level ℓ is automatically inte-
gral. Indeed, from Eq. (15)
I∗ = D−1Λ/ZJ¯−1α−1 t¯−1,
DΛ/ZJ¯−1 ∈ LR(Λ), and the fact that α is in the center of A, we have [10,
p.218],
Or(I∗) = t¯Or(D−1Λ/ZJ¯−1)t¯−1 = t¯Λt¯−1.
Since β ∈ Λ, β′ ∈ t¯Λt¯−1, showing that I = I∗β′ ⊆ I∗.
(3) An Arakelov-modular lattice (I, qα) is ℓ−modular [13]. Consider the ideal
lattice (I∗, qℓα) and the map
ϕ : I∗ → I = I∗β′
x 7→ xβ′.
Then ϕ is a Z−module homomorphism, and for all x, y ∈ I∗,
qα(ϕ(x), ϕ(y)) = qα(xβ
′, yβ′) = tr
(
αxβ′β¯′y¯
)
= tr (αxℓy¯) = tr (ℓαxy¯) = qℓα(x, y).
Lemma 4.3. There exists anArakelov-modular lattice (I, qα) of level ℓ overΛ if and
only if there exists J ∈ LR(Λ), t ∈ A×, α ∈ K totally positive, and β ∈ N (Λ) ∩ Λ
such that ℓ = ββ¯ and
J2 = nA/K (t)
−1
α−1D−1Λ/Z(βΛ).
Proof. By the above discussions, there exists an Arakelov-modular lattice of level
ℓ if and only if there exists α ∈ K×, totally positive, t ∈ A×, β ∈ N (Λ) ∩ Λ,
J ∈ LR(Λ) such that ℓ = ββ¯ and
Jt = I = I∗β′ = α−1D−1Λ/ZJ¯−1 t¯−1t¯βt¯−1 = α−1D−1Λ/ZJ¯−1βt¯−1.
Furthermore, this is equivalent to
Jtt¯ = α−1D−1Λ/ZJ−1β, i.e., JnA/K (t) = α−1D−1Λ/ZJ−1β.
Also, nA/K (t) ∈ K which is in the center of A, and the above equality reduces to
(16) Jβ−1J = nA/K (t)
−1
α−1D−1Λ/Z.
Note that as β ∈ N (Λ),
Or(Jβ−1) = βOr(J)β−1 = βΛβ−1 = Λ,
the left hand side of the above equation is well-defined [14, p.196]. As β ∈ N (Λ),
β−1 ∈ N (Λ), so β−1Λ ∈ LR(Λ). Since J ∈ LR(Λ),
J(β−1Λ)J ⊆ Jβ−1J.
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On the other hand,
Jβ−1J =
{ ∑
finite sum
xβ−1y : x, y ∈ J
}
⊆ J(β−1Λ)J.
Hence Eq. (16) is equivalent to
(β−1Λ)J2 = nA/K (t)
−1
α−1D−1Λ/Z,
i.e.,
J2 = nA/K (t)
−1
α−1D−1Λ/Z(βΛ)
which concludes the proof. 
For any ideal T ∈ LR(Λ), T has a factorization [10, p.193]
T =
k∏
i=1
Psii ,
where Pi are prime ideals of Λ and we write vPi(T ) = si. Using this notation,
Lemma 4.3 becomes
Lemma 4.4. There exists an Arakelov-modular lattice (I, qα) of level ℓ over Λ if
and only if there exists t ∈ A×, α ∈ K totally positive, and β ∈ N (Λ)∩Λ such that
ℓ = ββ¯ and
vP
(
nA/K (t)
−1
α−1D−1OK/ZD−1Λ/Z(βΛ)
)
is even for all prime idealP of Λ.
Note that as nA/K (t)
−1
α−1D−1OK/ZD−1Λ/Z(βΛ) ∈ LR(Λ), its factors are prime
ideals which are in LR(Λ) and hence the product of those prime ideals is still
an ideal in LR(Λ).
Remark 4.5. (1) If we have two quaternion algebras over K , A and A′ that
both ramify at the same finite and infinite places over K , there exists a
K−algebra isomorphism ϕ : A→ A′ [10, p.100]. If we have an ideal lattice
(I, qα) over some maximal order Λ in A, we can construct an ideal lattice
(I ′, qα′) over the maximal order ϕ(Λ) in A
′ such that (I, qα) and (I
′, q′α)
are isomorphic. Conversely, if we have an ideal lattice (I ′, qα′) over some
maximal orderΛ′ in A′, we can construct an ideal lattice (I, qα) overA that
is isomorphic to (I ′, qα′).
(2) Take two maximal orders Λ and Λ′ in a quaternion algebra A over K that
are conjugate to each other, i.e. there exists u ∈ A× such that Λ′ = uΛu−1.
If we have an ideal lattice (Jt, qα) over Λ, (uJu
−1t, qα) will be an ideal
lattice over Λ′. Consider the map
ψ : Jt → uJu−1t
xt 7→ uxu−1t,
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we have
trA/K
(
αuxu−1t(uyu−1t)
)
= trA/K
(
αuxu−1tt¯u¯−1y¯u¯
)
= trA/K
(
αnA/K (t) nA/K (u)
−1
uxy¯u¯
)
= trA/K
(
αnA/K (t) nA/K (u)
−1 u¯uxy¯
)
= trA/K
(
αxtyt
)
.
Thus (Jt, qα) and (uJu
−1t, qα) are isomorphic.
Write ℓ = ℓ21ℓ2, where ℓ1, ℓ2 ∈ Z>0 and ℓ2 is square-free. Thanks to the following
proposition, we will first focus on the case when ℓ is square-free.
Proposition 4.6. If there exists an Arakelov-modular lattice of level ℓ2 over Λ, then
there exists an Arakelov-modular lattice of level ℓ over Λ.
Proof. Let (Jt, qα) be an Arakelov-modular lattice of level ℓ2 over Λ. By Lemma
4.3, there exists J ∈ LR(Λ) and t ∈ A×, α ∈ K totally positive, and β ∈ N (Λ) ∩ Λ
such that ℓ2 = ββ¯ and
J2 = nA/K (t)
−1
α−1D−1Λ/Z(βΛ).
Let β˜ = ℓ1β, then ℓ = β˜
¯˜β, ℓ1β ∈ N (Λ) ∩ Λ and
J2 = nA/K (t)
−1
(ℓ1α)
−1D−1Λ/Z(ℓ1βΛ) = nA/K (t)−1 (ℓ1α)−1D−1Λ/Z(β˜Λ).
As ℓ1 ∈ Z, ℓ1α ∈ K is totally positive. By Lemma 4.3 again, (Jt, qℓ1α) is an
Arakelov-modular lattice of level ℓ. 
So from now on, we consider ℓ to be a square-free positive integer unless other-
wise stated.
4.1. Galois extensions. For the rest of the paper, we suppose that K is a totally
real number field which is Galois with Galois group G.
For p ∈ Z a prime, we write p|p to denote that p is a prime ideal in OK above
p. Similarly, for p a prime ideal in OK , we write P|p to denote that P is the prime
ideal of Λ such that [14, p.273] p = OK ∩ P, P|pΛ. Let Ram(A), Ram∞(A) and
Ramf (A) denote the set of places, finite places, and infinite places respectively, at
which A is ramified.
Suppose ℓ =
∏k
i=1 pi, where pi ∈ Z are prime numbers. Then
ℓOK =
k∏
i=1

 gi∏
j=1
p
epi
ij

 , piOK = gi∏
j=1
p
epi
ij .
We have [14, p.194]
(17) ℓΛ =
k∏
i=1

 gi∏
j=1
P
epimpij
ij

 ,
wherePij is the prime ideal above pij in Λ andmpij is the local index [14, p.270] of
A at pij , which takes value 2 if A ramifies at pij , and 1 otherwise. Assume there
exists β ∈ N (Λ) ∩ Λ that satisfies ℓ = ββ¯. As βΛ = Λβ ∈ LR(Λ), βΛ = βΛ = Λβ¯,
so
(βΛ)2 = Λβ¯βΛ = ℓΛ,
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which gives
(18) βΛ =
k∏
i=1

 gi∏
j=1
P
epi
mpij
2
ij

 .
Remark 4.7. 1. If epi is odd, then pij ∈ Ramf (A) for all j, i.e., ∀pij |pi, pij is rami-
fied.
2. Moreover, for any prime idealP of Λ
vP(βΛ) =
1
2
vP(ℓΛ) =
1
2
vP(pΛ) =
epmp
2
,
where p = P ∩ OK , p = p ∩ Z.
Now consider p ∈ Z such that there exists p|p which is ramified, i.e. mp = 2.
Then forP|p,
vP(nA/K (t)
−1
α−1D−1OK/Z)
is even and vP(D−1Λ/OK ) = vP((
∏
p∈Ramf (A)
P)−1) = −1 [14, p.273]. Thus to have
anArakelov-modular lattice, by Lemma 4.4, wemust have p|ℓ and vP(β) = epmp2 =
ep is odd. Then by the above remark, for all p|p, p ∈ Ramf (A). Define
SRam := {p ∈ Z| there exists p above p such that p ∈ Ramf (A)}.
Ω(K) := {p ∈ Z| p is a prime that ramifies inK/Q}.
Ω′(K) := {p ∈ Ω(K) and ep is even}.
To summarize:
Lemma 4.8. If there exists an Arakelov-modular lattice of level ℓ over Λ, then
ℓ =
∏
p∈SRam
p
∏
p∈Ω′′(K)
p,
where Ω′′(K) is a subset of Ω′(K).
Moreover, for all p ∈ SRam, the two conditions
1. ep is odd, i.e. SRam ∩ Ω′(K) = ∅;
2. ∀p|p, p ∈ Ramf (A),
are equivalent to, for all p ∈ Ramf (A),
a. e(p|p) is odd, where p = p ∩ Z;
b. σ(p) ∈ Ramf (A) for all σ ∈ G, the Galois group of K/Q.
Remark 4.9. 1. Note that the above Lemma implies that if there exists anArakelov-
modular lattice of level ℓ over Λ, then we must have disc (A) |ℓOK , for
disc (A) =
∏
p∈Ramf (A)
p
the reduced discriminant of A [10, p.99].
2. For a totally real Galois field K , a quaternion algebra A over K , a maximal
order Λ of A and a positive integer ℓ satisfying the conditions in the above lemma,
we have
βΛ =
∏
p∈SRam

∏
pi|p
Pi


ep ∏
p/∈SRam,p|ℓ

∏
pi|p
Pi


ep
2
, D−1Λ/OK =
∏
p∈SRam

∏
pi|p
Pi


−1
,
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wherePi|pi and pi|p. Then
D−1Λ/OK (βΛ) =
∏
p∈SRam

∏
pi|p
Pi


ep−1 ∏
p/∈SRam,p|ℓ

∏
pi|p
Pi


ep
2
.
4.2. Galois extensions of odd degree. A direct corollary of Lemma 4.4 is obtained
whenK is of odd degree.
Corollary 4.10. If n = [K : Q] is odd and there exists an Arakelov-modular lattice
of level ℓ over Λ, then
ℓ =
∏
p∈SRam
p.
Proof. Since n = [K : Q] is odd, by Lemma 4.4, if p /∈ SRam then p ∤ ℓ. Using Lemma
4.4 again we have
ℓ =
∏
p∈SRam
p.

Remark 4.11. If ℓ =
∏
p∈SRam
p, by Remark 4.9,
D−1Λ/OK (βΛ) =
∏
p∈SRam

∏
pi|p
Pi


ep−1
.
By Lemma 4.8 ep is odd, then vP(D−1Λ/OK (βΛ)) is even for any P a prime ideal in
Λ.
5. TOTALLY DEFINITE QUATERNION ALGEBRAS OVER K = Q
LetA =
(
a,b
Q
)
be a totally definite quaternion algebra overQ. Qpwill denote the
completion of Q at the non-Archimedean evaluation corresponding to the prime
integer p [12]. As there is only one infinite place, the identity, and [10, p.93](
a, b
Q
)
⊗Q R ∼=
(
a, b
R
)
,
A is totally definite iff a < 0 and b < 0 [10, p.92]. Note that since the cardinality
of Ram(A) is even [10, p.99], there are an odd number of finite places where A
is ramified at, i.e., Ramf (A) has odd cardinality. Moreover, SRam = Ramf (A) for
K = Q.
Proposition 5.1. There exists an Arakelov-modular lattice of level ℓ over Λ if and
only if ℓ =
∏
p∈Ramf (A)
p and there exists β ∈ N (Λ) ∩ Λ such that ℓ = ββ¯.
Proof. Take ℓ =
∏
p∈Ramf (A)
p and β ∈ N (Λ)∩Λ such that ℓ = ββ¯. By Remark 4.11,
D−1Λ/Z(βΛ) =
∏
p∈Ramf (A)
P1−1 = Λ.
By Lemma 4.3, (Λ, q1) is an Arakelov-modular lattice of level ℓ.
By Corollary 4.10 and Lemma 4.8, the proof is completed. 
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5.1. Existence and classification for ℓ prime. Now consider ℓ being a prime inte-
ger. Our goal is to derive existence results and classify Arakelov-modular lattices
for primes ℓ.
The above proposition and Remark 4.5 show that for each ℓ, it suffices to con-
sider one quaternion A that ramifies at only ℓ. Since we are looking at quaternions
over the rational field, all maximal orders in A are conjugate to each other [10,
p.211]. By Remark 4.5 again, for each quaternion Awe are analyzing, it suffices to
consider just one maximal order Λ in A. Moreover, we have
Proposition 5.2. Take ℓ a prime integer, A a quaternion algebra over Q that rami-
fies only at ℓ and Λ a maximal order of A. Any Arakelov-modular lattice of level ℓ
over Λ is isomorphic to the lattice (Λ, q1), which is an even lattice with minimum
2 and dimension 4.
Proof. Fix a quaternion algebra A =
(
a,b
Q
)
that ramifies at only ℓ and a maximal
order Λ. By the proof of Proposition 5.1, (Λ, q1) is an Arakelov-modular lattice of
level ℓ. For any x ∈ Λ, q1(x) = trA/Q (xx¯) = trA/Q
(
nA/Q (x)
)
. As nA/Q (x) ∈ Z,
q1(x) ∈ 2Z. Hence (Λ, q1) is even. Moreover, since q1(1) = 2, (Λ, q1) has minimum
2. Now take any Arakelov-modular lattice (Jt, qα) over Λ of level ℓ. By Lemma
4.3 and the proof of Proposition 5.1, the following equation holds:
J2 = nA/Q (t)
−1 α−1D−1Λ/Z(βΛ) = nA/Q (t)−1 α−1Λ.
As α, nA/Q (t) ∈ Q, let γℓm = (αnAQ (t))−1, where m is an integer and γ ∈ Q.
For any prime p and P, the prime ideal above p in Λ, we have vP(γℓ
mΛ) is even.
If p 6= ℓ and p divides the numerator or denominator of γ, as mp = 1, we must
have the exopnent of p in the factorization of γ is even. In particular, this implies√
γ ∈ Q. If p = ℓ, then p = P2 with P = βΛ. Thus we have J = √γβmΛ. As√
γ ∈ Q and β ∈ N (Λ), √γβm ∈ N (Λ). So J = √γβmΛ = Λ√γβm. Then the
lattice (Jt, qα) = (Λ
√
γβmt, qα). Define
h : Λ → Λ√γβmt
x 7→ x√γβmt.
h is a Z−module homomorphism and ∀x, y ∈ Λ
qα(h(x), h(y)) = qα(x
√
γβmt, y
√
γβmt) = trA/Q
(
αx
√
γβmtt¯β¯m
√
γy¯
)
= trA/Q
(
αnA/Q (t) γℓ
mxy¯
)
= trA/Q (xy¯) = q1(x, y).
Thus (Jt, qα) is isomorphic to (Λ, q1). 
Recall that the Hilbert symbol (a, b)p (or (a, b)v for v corresponding to an infinite
place) is defined to be−1 ifA is ramified at p (or v) and 1 otherwise. Then for finite
prime p, (a, b)p = −1 iff A⊗Q Qp is the unique division algebra over Qp [10, p.87].
Hence we will be considering quaternion algebras A =
(
a,b
Q
)
with a < 0, b < 0
such that (a, b)ℓ = −1 and (a, b)p = 1 for all prime p 6= ℓ.
Let p 6= 2 be a prime integer and let a, b, c, x, y ∈ Q×, we have [19]
(1) (ax2, by2)p = (a, b)p;
(2) (a, b)p(a, c)p = (a, bc)p;
(3) (a, b)p = (b, a)p;
(4) (a, 1− a)p = 1.
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The following product formula [19] holds:
(19)
∏
v∈{ infinite places}
(a, b)v
∏
p∈{ finite places}
(a, b)p = 1.
Thus, we can focus on a, b ∈ Z are−1 or−p for p is a prime. Moreover, for a, b ∈ Z
and p 6= 2 [19]
(20) (a, b)p =
{
1 if p ∤ a, p ∤ b(
a
p
)
if p ∤ a, p||b ,
where
(
a
p
)
is the Legendre symbol, which is defined by
(
a
p
)
=
{
1, if a is a squaremod p
−1, otherwise .
Recall that A is ramified at the unique infinite place (identity), by the product
formula (19),
(21)
∏
p∈{ finite places}
(a, b)p = −1.
We have the following cases:
1. a = −1, b = −1 or b = −2, by Eq. (20), (a, b)p = 1 for all prime p 6= 2. Then by
Eq. (21), (a, b)2 = −1. Thus
(
−1,−1
Q
)
is ramified only at 2.
2. a = −1, b = −p, where p 6= 2, then by Eq. (20), (a, b)q = 1 for all prime
q 6= 2, p and
(a, b)p =
(−1
p
)
= (−1) p−12 =
{
−1 p ≡ 3 mod 4.
1 p ≡ 1 mod 4.
By Eq. (21),
(a, b)2 =
{
1 p ≡ 3 mod 4.
−1 p ≡ 1 mod 4.
Thus
(
−1,−p
Q
)
is ramified only at p if p ≡ 3 mod 4 and it is ramified only at 2 if
p ≡ 1 mod 4.
3. a = −p, b = −p,
(
−p,−p
Q
) ∼= (−p,−p2Q ) ∼= (−1,−pQ ).
4. a = −2, b = −p, where p 6= 2, then by Eq. (20), (a, b)q = 1 for all prime
q 6= 2, p and
(a, b)p =
(−2
p
)
= (−1) p
2−1
8 =
{
−1 p ≡ 3, 5 mod 8.
1 p ≡ 1, 7 mod 8.
By Eq. (21),
(a, b)2 =
{
1 p ≡ 3, 5 mod 8.
−1 p ≡ 1, 7 mod 8.
Thus
(
−2,−p
Q
)
only ramifies at p if p ≡ 3, 5 mod 8 and it only ramifies at 2 if p ≡
1, 7 mod 8.
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6. a = −p, b = −q, p 6= q 6= 2, then by Eq. (20), (a, b)h = 1 for all prime h 6= 2, p, q
and
(a, b)p =
(−q
p
)
=
(−1
p
)(
q
p
)
= (−1) p−12
(
q
p
)
,
(a, b)q =
(−p
q
)
=
(−1
q
)(
p
q
)
= (−1) q−12
(
p
q
)
.
Recall reciprocity law for Legendre symbols:(
p
q
)(
q
p
)
= (−1) p−12 q−12
If p, q ≡ 1 mod 4, (a, b)2 = −1, (a, b)p =
(
q
p
)
, (a, b)q =
(
p
q
)
. Thus
(
−p,−q
Q
)
ramifies
at only 2 iff
(
p
q
)
= 1.
If p ≡ 1 mod 4, q ≡ 3 mod 4, (a, b)2 = 1, (a, b)p =
(
q
p
)
, (a, b)q = −
(
p
q
)
and(
p
q
)(
q
p
)
= 1. Thus
(
−p,−q
Q
)
ramifies at only p iff
(
p
q
)
= −1 and only at q iff(
p
q
)
= 1.
If p, q ≡ 3 mod 4, (a, b)2 = 1, (a, b)p = −
(
q
p
)
, (a, b)q = −
(
p
q
)
and
(
p
q
)(
q
p
)
=
−1. Thus
(
−p,−q
Q
)
ramifies at only p iff
(
p
q
)
= −1 and only at q iff
(
p
q
)
= 1.
With the above discussion, the following lemma enables us to prove the classi-
fication result.
Lemma 5.3. If p ≡ 1 mod 8 is a prime, there exists a prime q ≡ 3 mod 4 such that(
p
q
)
= −1.
Proof. As p ≡ 1 mod 8,
(
p
q
)
= −1 iff
(
q
p
)
= −1. Take any c1 ∈ {1, 2, . . . , p − 1}
which is a quadratic non-residue [9, p.84] of p. By Chinese Reminder Theorem [9,
p.95], there exists c ∈ {1, 2, . . . , 4p} such that c ≡ c1 mod p and c ≡ 3mod 4. Clearly,
gcd(c, p) = 1 and gcd(c, 4) = 1, so gcd(c, 4p) = 1. By Dirichlet’s Theorem [9,
Theorem 15], there are infinitely many primes of the form 4pn+c, where n denotes
positive integers. 
Thus we have
Proposition 5.4. Take A a totally definite quaternion over Q that ramifies at only
one finite prime p, then we have exactly one of the following scenarios:
1. p = 2, A ∼=
(
−1,−1
Q
)
.
2. p ≡ 3 mod 4, A ∼=
(
−1,−p
Q
)
.
3. p ≡ 5 mod 8, A ∼=
(
−2,−p
Q
)
.
4. p ≡ 1 mod 8, A ∼=
(
−p,−q
Q
)
, where q ≡ 3 mod 4 is a prime such that(
p
q
)
= −1.
Now we can classify the existence of Arakelov-modular lattices of level ℓ for ℓ a
prime integer over totally definite quaternions over Q.
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Theorem 5.5. Let A be a totally definite quaternion over Q and let Λ be any max-
imal order of A. Then there exists an Arakelov-modular lattice of level ℓ, ℓ prime,
over Λ if and only if one of the situations is satisfied:
1. A ∼=
(
−1,−1
Q
)
and ℓ = 2
2. A ∼=
(
−1,−ℓ
Q
)
and ℓ ≡ 3 mod 4.
3. A ∼=
(
−2,−ℓ
Q
)
and ℓ ≡ 5 mod 8.
4. A ∼=
(
−q,−ℓ
Q
)
and ℓ ≡ 1 mod 8, where q ≡ 3 mod 4 is a prime such that(
ℓ
q
)
= −1.
Proof. By Propositions 5.1 and 5.4, for each case it suffices to findΛ and β ∈ N (Λ)∩
Λ such that ℓ = ββ¯.
As usual, let {1, i, j, k} be a standard basis for A =
(
a,b
Q
)
, i.e. i2 = a, j2 = b, and
ij = k.
Case 1: Suppose A =
(
−1,−1
Q
)
and ℓ = 2, take Λ with basis {1, i, j, 1+i+j+k2 } is
a maximal order of A [10, p.204]. Then β = i − j satisfies 2 = ββ¯ and β ∈ Λ. To
prove β ∈ N (Λ), it suffices to show βvβ−1 ∈ Λ for all v ∈ {1, i, j, 1+i+j+k2 }:
(1 − j)i(i− j)−1 = −j ∈ Λ
(1− j)j(i − j)−1 = −i ∈ Λ
(1− j)1 + i+ j + k
2
(i − j)−1 = 1− i− j − k
2
∈ Λ.
Cases 2,3,4: For ℓ 6= 2, A ∼=
(
−q,−ℓ
Q
)
, where
q


= 1 ℓ ≡ 3 mod 4
= 2 ℓ ≡ 5 mod 8
≡ 3 mod 4 is a prime such that
(
ℓ
q
)
= −1 ℓ ≡ 1 mod 8
.
Z[1, i, j, k] is always an order in A (see [10, p.84]). Take a maximal order Λ ⊇
Z[1, i, j, ij] (the existence of such a maximal order is proved in [10, p.84]). In par-
ticular, we have j ∈ Λ. Since nA/Q (j) = ℓ, if we prove j ∈ N (Λ) we are done.
We have [10, p.353]
N (Λ) = {x ∈ A∗ : x ∈ N (Λp) ∀p a prime integer}.
If p 6= ℓ, then p /∈ Ramf (A) and [10, p.213]
N (Λp) = Q∗pΛ∗p.
As − 1ℓ ∈ Zp [12, p.99], j ∈ Λp, Λp = Zp ⊗Z Λ [10, p.203] gives j−1 = − jℓ ∈ Λp.
Hence j ∈ Λ∗p and we have j ∈ N (Λp).
If p = ℓ,N (Λp) = A∗p [10, p.208] and hence j ∈ N (Λp).
We can then conclude j ∈ N (Λ). 
We also have constructive proofs for cases 2 and 3. We need the following re-
sult [10, p.84,214]
(1) Λ is an order in A if and only if Λ is a ring of integers in A which contains
Z and is such that QΛ = A.
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(2) An order Λ in A is maximal if and only if disc (Λ/Z) = disc (A)
2
.
Case 2. Suppose A ∼=
(
−1,−ℓ
Q
)
and ℓ ≡ 3 mod 4, take Λ with basis {1, i, 1+j2 , i+k2 }.
Clearly Z ⊆ Λ and QΛ = A. By the above, to show Λ is a maximal order we need
to show
• Λ is a subring of A;
• the elements of Λ are integers, i.e. trA/Q (x) , nA/Q (x) ∈ Z for all x ∈ Λ;
• disc (Λ/Z) = disc (A)2 = ℓ2Z.
Since Λ is a free Z−module, Λ is closed under addition. Also 1 ∈ Λ. To prove Λ
is closed under multiplication, we just need to prove the product of any two basis
elements is still in Λ. Consider the following multiplication table (Table 1), we
TABLE 1. Case 2 multiplication table
· i 1+j2 i+k2
i −1 i+k2 −1−j2
1+j
2
i−k
2
1−ℓ+2j
4
(ℓ+1)i
4
i+k
2
−1+j
2
2k+(1−ℓ)i
4
−1−ℓ
4
have
i− k
2
= i− i+ k
2
∈ Λ, −1 + j
2
=
1 + j
2
− 1 ∈ Λ
As ℓ ≡ 3 mod 4, 4|(ℓ+ 1), hence
1− ℓ+ 2j
4
=
1 + j
2
− ℓ+ 1
4
∈ Λ, (ℓ + 1)i
4
∈ Λ, 2k + (1− ℓ)i
4
=
i+ k
2
− (ℓ+ 1)i
4
∈ Λ.
We have proved that Λ is closed under multiplication and hence Λ is a subring of
A. As ℓ is odd, the following reduced trace table (Table 2) shows that the trace of
the basis elements as well as that of the product of any two basis elements are all
integers. Each entry of the table corresponds to the reduced trace of the product of
the element from the left and that from the top. For example, (1, 1)−entry is given
by trA/Q (1 · i) = 0.
TABLE 2. Case 2 reduced trace table
trA/Q (·) i 1+j2 i+k2
1 0 1 0
i −2 0 −1
1+j
2 0
1−ℓ
2 0
i+k
2 −1 0 −1−ℓ2
Recall ℓ ≡ 3 mod 4, the reduced norm table (Table 3) shows that the norm of
each basis element and also that the norm of the sum of any two basis elements are
integers. Each entry of the the table here corresponds to the reduced norm of the
sum of the element from the left and that from the top. For example, (1, 1)−entry
is given by nA/Q (0 + i) = 1.
Since the trace of the sum of two integers is an integer and the norm of the
product of two integers is an integer we have proved the sum and the product of
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TABLE 3. Case 2 reduced norm table
nA/Q (+) i
1+j
2
i+k
2
0 1 (1 + ℓ)/4 (ℓ+ 1)/4
1 2 (ℓ+ 9)/4 (5 + ℓ)/4
i 4 (5 + ℓ)/4 (9 + ℓ)/4
1+j
2 − 1 + ℓ (1 + ℓ)/2
i+k
2 − − 1 + ℓ
any two basis elements is still an integer in A. As a subring of A, it follows that all
the elements in Λ are integers in A. Hence Λ is an order.
The reduced discriminant of the order Z[1, i, j, k] is
det




2 0 0 0
0 −2 0 0
0 0 −2ℓ 0
0 0 0 −2ℓ



Z = 16ℓ2Z.
Λ is obtained from Z[1, i, j, k] by a basis change matrix with determinant 14 and
hence
disc (Λ) = 16ℓ2 · 1
42
Z = ℓ2Z.
We have proved Λ is a maximal order. Take β = j = −1 + 2 · 1+j2 ∈ Λ, then
jij−1 = −i ∈ Λ, j i+ k
2
j−1 =
−i− k
2
∈ Λ, j 1 + j
2
j−1 =
1 + j
2
∈ Λ.
This shows jΛj−1 ⊆ Λ, since [14, p.349]
N (Λ) = {x ∈ A× : xΛx−1 ⊂ Λ},
we have β ∈ N (Λ). As ββ¯ = ℓ, by Proposition 5.1, there exists an Arakelov-
modular lattice of level ℓ over Λ.
Case 3. Suppose Λ ∼=
(
−2,−ℓ
Q
)
and ℓ ≡ 5 mod 8. In this case we take Λ with
basis {i, 1+i+j2 , j, 2+i+k4 }. As in the previous case, we consider the following three
tables (Tables 4,5,6) and Λ can be proved to be an order. Then similarly, as Λ
TABLE 4. Case 3 multiplication table
· i 1+i+j2 j 2+i+k4
i −2 i−2+k2 k i−1−j2
1+i+j
2
i−2−k
2
i+j
2 − ℓ−14 j+k−ℓ2 ℓ+38 i
j −k j−k−ℓ2 −ℓ 2j−k+ℓi4
2+i+k
4
i−1+j
2
(3−ℓ)i+4j+2k
8
2j+k−ℓi
4
(1−ℓ)+2i+2k
8
has discriminant ℓ2Z, it is a maximal order. By direct computation, we can prove
β = j ∈ Λ ∩ N (Λ).
Remark 5.6. The above computations enable us to find Arakelov-modular lattices
of level ℓ for all ℓ ≡ 3 mod 4 and ℓ ≡ 5 mod 8. Similar techniques can also be
applied for square-free composite integers ℓ.
By Proposition 5.1, there exists an Arakelov-modular lattice of level ℓ over Λ.
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TABLE 5. Case 3 reduced trace table
trA/Q (·) i 1+i+j2 j 2+i+k4
1 0 1 0 1
i −4 −2 0 −1
1+i+j
2 −2 − ℓ+12 −ℓ 0
j 0 −ℓ −2ℓ 0
2+i+k
4 −1 0 0 1−ℓ4
TABLE 6. Case 3 reduced norm table
nA/Q (+) i
1+i+j
2 j
2+i+k
4
0 2 (ℓ+ 3)/4 ℓ (ℓ+ 3)/8
1 3 (11 + ℓ)/4 1 + ℓ (19 + ℓ)/8
i 8 (ℓ + 19)/4 ℓ+ 2 (ℓ + 27)/8
1+i+j
2 - ℓ+ 3 (9ℓ+ 3)/4 (17 + 3ℓ)/8
j - - 4ℓ (9ℓ+ 3)/8
2+i+j
4 - - - (ℓ+ 3)/2
Example 5.7. 1. Take A =
(
−1,−1
Q
)
and Λwith basis {1, i, j, 1+i+j+k2 }, (Λ, q1)
is a 2−modular lattice.
2. Take A =
(
−1,−3
Q
)
and Λwith basis {1, i, 1+j2 , i+k2 }, (Λ, q1) is a 3−modular
lattice.
3. TakeA =
(
−2,−5
Q
)
andΛwith basis {i, 1+i+j2 , j, 2+i+k4 }, (Λ, q1) is a 5−modular
lattice.
4. Take A =
(
−3,−17
Q
)
and Λ with basis {1, 1+i2 , 3+i+3j+k6 , −3+i−2k6 }, (Λ, q1) is
a 17−modular lattice.
Note that the same construction for Examples 1 and 2 above appeared in [11,
p.266].
5.2. The case when ℓ is a positive integer. Now we consider the case when ℓ is
not necessarily square-free, i.e. ℓ being any positive integer. Let A be a totally
definite quaternion algebra over Q and let Λ be any maximal order of A. Let rp
denote the exponent of prime p in the prime factorization of ℓ, i.e. ℓ =
∏
p p
rp .
If there exists an Arakelov-modular lattice of level ℓ over Λ, by Lemma 4.3 there
exists β ∈ N (Λ) ∩ Λ such that ℓ = ββ¯. And as in Eqs. (17) and (18) we have
ℓΛ =
∏
p|ℓ,P|p
Prpmp , βΛ =
∏
p|ℓ,P|p
P
rpmp
2 .
We can see that ifmp is odd, i.e. if p /∈ Ramf (A), rp must be even. Then
βΛ =
∏
rp even, p/∈Ramf (A),P|p
P
rp
2
∏
p|ℓ,p∈Ramf (A),P|p
Prp ,
and
D−1Λ/Z(βΛ) =
∏
rp even, p/∈Ramf (A),P|p
P
rp
2
∏
p|ℓ,p∈Ramf (A),P|p
Prp−1
∏
p∤ℓ,p∈Ramf (A),P|p
P−1.
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As nA/Q (t)
−1
α−1 ∈ Q, if p ∈ Ramf (A), vP(nA/Q (t)−1 α−1) is even, thus we must
have ∀p ∈ Ramf (A), p|ℓ and rp is odd.
Proposition 5.8. Take a positive integer ℓ =
∏
p p
rp , there exists an Arakelov-
modular lattice over Λ iff the following conditions are all satisfied: 1. ℓ = ℓ21ℓ2,
where ℓ2 =
∏
p∈Ramf (A)
prp , ℓ1 is a positive integer coprime with ℓ2;
2. For all p|ℓ2, rp is odd;
3. There exists β ∈ N (Λ) ∩ Λ such that ℓ = ββ¯.
Proof. In view of the above discussion, it suffices to prove if the conditions are
satisfied, then there exists an Arakelov-modular lattice of level ℓ. We have
D−1Λ/Z(βΛ) =
∏
p|ℓ1,P|p
P
rp
2
∏
p|ℓ2,P|p
Prp−1.
Let α = ℓ1, then
α−1D−1Λ/Z(βΛ) =
∏
p|ℓ2,P|p
Prp−1.
As rp are all odd for p|ℓ2, we can take
J =
∏
p|ℓ2,P|p
P
rp−1
2 =
∏
p∈Ramf (A),P|p
P
rp−1
2 .
Let t = 1, I = Jt, then by Lemma 4.3, (I, qα) is an Arakelov-modular lattice of
level ℓ. 
Remark 5.9. If ℓ is square-free, then ℓ1 = 1, rp = 1 for all p|ℓ2 and we get the same
statement as in Proposition 5.1.
Since we are considering totally definite quaternion algebras A, Ramf (A) 6= ∅.
Thus ℓ2 6= 1, which implies
Corollary 5.10. There does not exist any Arakelov-modular lattice over Λ of level
ℓ for ℓ a square.
Example 5.11. Take ℓ1 = 1, ℓ2 = 2
3, A =
(
−1,−1
Q
)
, so ℓ = 8 and Ramf (A) = {2}.
Let P be the ideal above 2, then (P, q1) is an Arakelov-modular lattice of level 8
and dimension 4. By Magma [4], this lattice is even with minimum 4.
Example 5.12. Take ℓ1 = 1, ℓ2 = 3
3, A =
(
−1,−3
Q
)
, so ℓ = 27 and Ramf (A) = {3}.
Let P be the ideal above 3, then (P, q1) is an Arakelov-modular lattice of level 27
and dimension 4. By Magma [4], this lattice is even with minimum 6.
Example 5.13. Take ℓ1 = 2, ℓ2 = 3, A =
(
−1,−3
Q
)
, so ℓ = 12 and Ramf (A) =
{3}. Then (Λ, q2) is an Arakelov-modular lattice of level 12 and dimension 4. By
Magma [4], this lattice is even with minimum 4.
The reader may wonder if there exist Arakelov-modular lattices when the base
fieldK is not Q. We give such an example below.
Example 5.14. Take K = Q(
√
6), A =
(
−1,−1
K
)
, Λ with basis {1, 1 + i, 1 + j, 1 +
i+ j + k}. Then (P−12 , 1) is an Arakelov-modular lattice of level 6. Here P2 is the
unique prime ideal above the OK−ideal p2, where p2 ∩ Z = 2Z.
The characterization of Arakelov-modular lattices over totally definite quater-
nion algebras over K 6= Qmay be an interesting topic for further research.
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